Abstract. We present an effective formula for the Sibony function for all elementary Reinhardt domains.
For a domain G ⊂ C n let s G (a, z) := sup{ u(z) : u ∈ S G (a)}, a, z ∈ G, where S G (a) := {u : G −→ [0, 1) : log u ∈ PSH(G), u(a) = 0, u ∈ C 2 ({a})} and u ∈ C 2 ({a}) means that u is C 2 in a neighborhood of a (cf. [JP 2013 ], § 4.2). The function s G is called the Sibony function for G.
For n ≥ 2 and α = (α 1 , . . . , α n ) ∈ R n \ {0} let
where C n (α) := {(z 1 , . . . , z n ) ∈ C n : ∀ j∈{1,...,n} : (α j < 0 =⇒ z j = 0)}. The domain D α is called the elementary Reinhardt domain.
Our aim is to present an effective formula for s D α . Partial results were presented in [JP 2013 ].
Notice that D α is a pseudoconvex n-circled domain, i.e. if (z 1 , . . . , z n ) ∈ D α , then (e iθ1 z 1 , . . . , e iθn z n ) ∈ D α for arbitrary θ 1 , . . . , θ n ∈ R. We say that D α is of rational type (resp. irrational type
It is well-known that the system (s G ) G is holomorphically contractible, i.e. if
In particular, the function s Dα is n-rotation invariant, i.e.
D ⊂ C stands for the unit disc. The function m G (resp. g G ) is called the Möbius pseudodistance (resp. the pluricomplex Green function). Both systems (m G ) G and (g G ) G are holomorphically contractible and The basic properties of m G and g G seem to be well understood. In contrast to that, almost nothing is known on s G .
In the case where G = D α the following results are known.
• The rational case: If α 1 , . . . , α n ∈ Z are relatively prime, then
where r(a) :=
Note that r(a) = ord a (z α − a α ). One can easily prove that the function g 2 Dα (a, ·) ∈ C 2 ({a}) if and only if σ(a) ≤ 1. Consequently, due to (*), if σ(a) ≤ 1, then
The most interesting case where σ(a) ≥ 2 remained unknown (since 1991).
• The irrational case:
cf. [JP 2013], Proposition 6.3.10. Once again, the case where σ(a) ≥ 2 remained unknown.
Remark 2. As a consequence in the rational case we get:
• if σ(a) ≥ 2 and µ(a) = 1 (e.g. n = 2, α = (2, 1), a = 0), then
where
In the irrational case we have:
Proof of Theorem 1. Fix an a = (a 1 , . . . , a n ) ∈ D α with σ(a) ≥ 2.
If
. This reduces the proof to the case where α 1 · · · α n = 0. If α 1 , . . . , α s < 0 and α s+1 , . . . , α n > 0 for some s ∈ {1, . . . , n}, then consider the biholomorphic map
Here we have used the following general property of (s G ) G : if P ⊂ G is a closed pluripolar set, then
. This reduces the proof to the case where α 1 , . . . , α n > 0. Since the function s D α is n-rotation invariant, we may assume that a 1 , . . . , a n ≥ 0. We may also assume that a 1 , . . . , a s > 0, a s+1 = · · · = a n = 0 with s := n − σ(a) and µ(a) = min{α s+1 , . . . , α n } = α n = 1.
Observe that the function z −→ |z α | 2 is of class C 2 ({a}). Hence the function
. [JP 2013], B.4.23(c))
. By the Liouville type theorem for plurisubharmonic functions we get u = 0 on C n−1 × {0}. Define
× C) we first choose λ 1 , . . . , λ n−1 ∈ C such that z j = e λj , j = 1, . . . , n − 1, and next we find a λ n ∈ C such that z n = λ n e −(α1λ1+···+αn−1λn−1) . Since z ∈ D α we conclude that
Using once again the Liouville type theorem for plurisubharmonic functions we get u (F (λ 1 , . . . , λ n )) = v(λ n ) = u(F (0, . . . , 0, λ n )) = u(1, . . . , 1, λ n ). Hence v(0) = 0 (because u = 0 on C n−1 × {0}) and v is log-subharmonic in D. 
